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We present the explicit form of higher dimensional VSI spacctimcs in arbitrary number 
of dimensions. We discuss briefly the VSI's in the context of supergravity /strings. 



1. Introduction 



We are interested in higher dimensional spacctimes for which curvature invariants 
of all orders vanish (VSI spacetimes), contained within this class are the higher 
dimensional pp- waves. In general, the higher dimensional VSI spacetimes have Ricci 
and Weyl type III. 1 However, it is desirable to obtain explicit metric functions as 
has been done in four dimensions. 2 We present metrics for Ricci type N, Weyl type 
^ . Ill VSI spacetimes. 



2. Higher dimensional VSI spacetimes 

Any TV-dimensional VSI metric can be written in the form 3 ' 4 

ds 2 = 2du [dv + H(u, v, x k ) du + Wi(u, v, x k ) dx*] + dx l dx l (1) 

where it, v are light-cone coordinates and x l , i = 1, ...,N — 2, are real spatial 
coordinates. The functions H, Wi are real-valued. Note that (fTJ) is a subclass of the 
higher dimensional Kundt metrics. 3 Restricting {1} to be of Ricci type N results 
in the Einstein equation R uu = where $ is determined by the matter field (see 
Appendix) . Two distinct cases arise depending on whether the functions Wi depend 
on the light-cone coordinate v (e = 1) or not (e = 0): 

Wi = ~v + Wi 0) (u,X k ), Wj = Wf \u,x k ) 
x J 

Here j = 2, . . . , TV — 2; the superscript (0) indicates functions without w-dependence. 

The case e = = corresponds to higher dimensional pp- waves. It is perhaps 
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surprising that only one of the Wi functions is allowed to depend on v, as in the 4-D 
case. The resulting spacetimes are summarized in Table 1. An important remark 
is that the function W± can be gauged away by a coordinate transformation, the 
corresponding results have been recently presented. 5 In this note we treat all wj; 0) 
functions equally, thereby revealing additional algebraic symmetries found in the 
metric functions of solutions. This complements the paper by Coley et al, wherein 
further details and explanation may be found. 
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Weyl 


Metric functions 


Eq. 





III 


Wi = W^ 0) (u,x k ) 

H = H (a) (u,x i ) + | (f- W (0)i ^ v, F{u,x*) defined by F, t = Alv/ 0) 


[O 


N 


Wi — x k Bki(u) , Bki(u) antisymmetric 
ti — H y ' {u, x ) 


IX21 


O 


Wi as in type N 
H (0) = 1 W i w . + x i ft( u ) + £f£ 0) 


IA.2I 

|X3l 


1 


III 


Wi = --T-u + w[ 0) {u,x k ) 
W 3 = wf ) {u,x h ) 

F{u 1 x i ) defined by F,i = -^W^' 1 ( + AW^ 0) , F.j = Awj 0) 


roi 


N 


W ± = -23- +x 1 B jl {u) + Ci(u) 
Wj — x z Bij(u) + Cj(u), Bji(u), Bij{u) antisymmetric 

H-H^(u,xn ^+_^ 


roi 


O 


Wi as in type N 

ff<°) = if^ ') 3 + -x 1 B lj f +x 1 90 («) +x 1 x'g t (u) - ±<]> a (u)x 1 x i Xi, 
j 

$ = <E> (ti)a; 1 


roi 



Table 1: All higher dimensional VSI spacetimes of Ricci type N. Ricci type O (vacuum) for «3> = 
in l lXlT l-l fA3t . 
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3. Outlook: VSI's in supergravity 

We can consider the embedding of VSI spacetimes in supergravity. The idea is to 
construct bosonic solutions of the supergravity equations of motion where the met- 
ric is that of a VSI. 6-8 This has been extensively studied in the literature in the 
case of (Weyl type N) pp- waves. These are exact string solutions to all orders in a' . 
The corresponding proof relies on the pp-waves invariants property. Furthermore, 
supergravity pp wave solutions preserve supersymmetry. The VSI metrics presented 
here generalize the pp-waves while the invariants property is maintained. Therefore 
it is natural to expect VSI supergravity solutions to have some of the pp-wave so- 
lutions' features. In fact, a certain class of VSI supergravity solutions has already 
been proved to be exact to all orders in a'. 7 Supersymmetry properties have only 
been studied in the case of VSI's with a covariantly constant null vector. 8 In con- 
clusion, these results provide an opportunity to explore VSI supergravity solutions, 
and their associated supersymmetries. 



Appendix A. Einstein equations 

In the equations below = wf^ ~ and is the coefficient of v in the metric 

function H . 

AH*-® - \w ik W tk - 2H {1) n W {a)l - H {1) W m - W m iu + $ = (A.l) 
Atf(°>-2£4+$ = (A.2) Hl M =-U, < ifc =0 (A.3) 



x 1 A I ^t- I ■ 



(0)\ (W^wf ] -{W[ 0) f 



x L \ x 1 - IX 



;1 + A (w fV(°) -w^wl ]) 



-2H {1 \ t W (a)l - H^W m - \w ik W lk - W {0)I lu + $ = (A.4) 

c ' lA (^)-(^ ((<') 2 + Ew-%) 2 )-E4-2E4+^o (a.5) 
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